The issue of observer-based adaptive sliding mode control of nonlinear Takagi-Sugeno fuzzy systems with semi-Markov switching and immeasurable premise variables is investigated. More general nonlinear systems are described in the model since the selections of premise variables are the states of the system. First, a novel integral sliding surface function is proposed on the observer space, then the sliding mode dynamics and error dynamics are obtained in accordance with estimated premise variables. Second, sufficient conditions for stochastic stability with an H ∞ performance disturbance attenuation level γ of the sliding mode dynamics with different input matrices are obtained based on generally uncertain transition rates. Third, an observer-based adaptive controller is synthesized to ensure the finite time reachability of a predefined sliding surface. Finally, the single-link robot arm model is provided to verify the control scheme numerically.
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I. INTRODUCTION
O VER the past decades, Takagi-Sugeno (T-S) fuzzy models [1] have been recognized as a useful and popular framework in approximating complex nonlinear systems. Through a group of "IF-THEN" rules, the nonlinear item was approximated by fuzzy "blending" local linear models, which has attracted great interest in the control community. Therefore, the research on T-S fuzzy systems was fruitful with regard to stability, stabilization, filtering, H ∞ reliable control and tracking control, etc. [2] - [9] . Also, it is seen in practice that many dynamical systems experience random changes, such as distributed state estimation of sensor-network systems in the chemical process [10] and network in a semi-active suspension system [11] , and variable structures and parameters are referred to as Markovian jump systems (MJSs) [12] - [14] . Thus, the investigation of T-S fuzzy stochastic systems with Markovian switching was active and many nice works have been reported [15] - [18] , in which the issues of time delay, free weighting matrix method, and the nonhomogeneous Markov process were incorporated. However, the semi-Markovian process caught the researchers' eye recently, since it is a more general stochastic process than the Markov process. Huang and Shi [19] , [20] first investigated the stability and stabilization problems for linear systems with semi-Markov switching by the LMI approach. Then, the issue of state estimation and neural-network-based passive filtering were studied in [21] and [22] . But due to the complexity of the transition rates (TRs) in the switching, it was not easy to develop good results, particularly for T-S fuzzy systems with semi-Markov switching, which is therefore worth our attention.
With regard to the control methods, sliding mode control (SMC) is proved to ones for nonlinear systems. The design of SMC in engineering has shown many good properties. In general, two steps are involved in an SMC scheme: 1) sliding phase synthesis and 2) reaching phase synthesis. In the past few years, fruitful results were proposed in the applications of SMC-based T-S fuzzy models. And what is worth mentioning is that these significant results are obtained based on the integral SMC (ISMC) method, which shows that the robustness of the dynamics can be achieved through the whole system response. In view of this, research on the ISMC approach of T-S fuzzy models has been reported a lot, such as the ISMC approach being proposed to control stochastic T-S fuzzy systems with time delay in [23] - [25] . In [26] , the fuzzy ISMC approach was also proposed for stabilization of the stochastic descriptor T-S fuzzy systems. For more references, see [27] - [32] . On the other hand, an adaptive sliding mode controller can also provide some advantages, such as the control objective achievement despite large-scale plant uncertainties. This means that the proposed adaptive controller can handle more than just constant unknown parameters. For example, for time-varying parameters, there may be unmodeled dynamics, noise and disturbance inputs, etc. Therefore, the adaptive-based ISMC for dynamical systems could be very interesting and attractive, which also shows the superiorities of this paper over [30] and [31] in one aspect.
On the other hand, we have witnessed the wide investigation of SMC for MJSs [33] - [36] , but only a few concerns were given to the application of SMC/ISMC methods to the T-S systems with semi-Markov switching parameters. In addition, one shortage is that the conservative constraint on input matrices needs to be revisited. Besides, in practical systems, the state variables are usually unavailable, which makes it difficult to utilize them to stabilize the unstable systems. So the observer can estimate the unmeasurable states and plays an important role in designing the observer-based controller. But in the observer design of T-S fuzzy systems, the selected premise variables of the fuzzy observer were directly taken from those of the T-S fuzzy model of the plant in many results [37] , [38] . However, in practice, it is also witnessed that the premise variables depend on the system states. Therefore, in the design of a more general sliding mode observer, it is necessary to consider that the fuzzy observer with the premise variables depends on the estimated states. So far, we have witnessed some pioneer works that study this issue, such as the fuzzy observer design of T-S models in [39] , where the case of unmeasured decision variables was studied. Based on this idea, this paper is to further investigate the adaptive ISMC of fuzzy systems in the case of unmeasurable premise variables depending on the state observer.
Based on the above discussions, we can list the following issues to be tackled. 1) How to design an observer for T-S fuzzy systems so that the premise variables dependent on the system variables are not available. 2) How to propose an integral sliding surface on the estimation space that suits the system with no constraint on input matrices. 3) How to propose feasible conditions for checking the stochastic stability of semi-Markovian jump T-S fuzzy systems with uncertain TRs. 4) How to design adaptive sliding mode controllers such that the reaching condition can be satisfied and the sliding mode has good stability property. Therefore, an opening challenge to study the issue of observer-based ISMC for T-S fuzzy S-MJSs with immeasurable premise variables while taking all of the aforementioned questions into consideration simultaneously is worth our attention.
Therefore, in this paper, the problem of observer-based fuzzy ISMC for the nonlinear T-S fuzzy jump systems with semi-Markov switching is addressed, in which the premise variables are not available in the T-S fuzzy models. The main contributions of this paper are listed as follows.
1) An observer-based fuzzy ISMC is designed for T-S fuzzy model-based S-MJSs with immeasurable premise variables. 2) On the estimation space, the sliding mode dynamics and the error dynamics are obtained with the estimated premise variables in accordance based on a fuzzy integral sliding surface.
3) The investigation of generally uncertain TRs broadened the study for semi-Markovian jump T-S fuzzy systems in the stability analysis and control issues. 4) The observer-based adaptive fuzzy SMC law ensures the finite-time reachability and sliding motion of submodels on the sliding surface despite uncertain mode transition information and system nonlinear disturbances. Notation: Throughout this paper, matrices, if not explicitly stated, are supposed to have compatible dimensions. The notion X > 0 (X ≥ 0) means that X is symmetric positive (semi-positive definite) definite matrix. I and 0 are used to represent an identity matrix and zero matrix of appropriate dimensions, respectively. · refers to the Euclidean vector norm or spectral matrix norm. ( , F, P) is a standard probability space. E(·) denotes the expectation operator with respect to some probability measure P. The symmetric elements of the symmetric matrix are denoted by * . He{P} represents P T + P. λ max {P} and λ min {P} means the maximum and minimum eigenvalue of P, respectively.
II. PROBLEM STATEMENT AND PRELIMINARIES
Consider the following nonlinear semi-Markovian jump T-S fuzzy system on the probability space ( , F, P).
where x(t) = [x 1 (t) x 2 (t) · · · xn(t)] T ∈ Rn is the state vector and the premise variables; u(t) ∈ Rm is the control; and y(t) ∈ R p is the measured output. M ij (i = 1, 2 . . . , r; j = 1, 2 . . . ,n) are fuzzy sets. A i (r t ), B i (r t ), and C(r t ) are the system matrices. f (x(t), t) is the plant lumped uncertainty. {r t , t ≥ 0} is the continuous-time and discrete-state semi-Markov process with right continuous trajectories and takes values in a finite set S = {1, 2, . . . , s} with generator given by
in which h > 0 and lim h→0 o(h)/h = 0, π mn (h) > 0, m = n, is the TR from mode m at time t to mode n at time t + h, and for each n ∈ S, π mm (h) = − n =m π mn (h) < 0.
For the TR π mn (h), the following two conditions are considered based on [45]: 1) π mn (h) is totally unknown and 2) π mn (h) is partially known with values upper and lower bounded. And for the latter case, it is considered that π mn (h) ∈ [π mn , π mn ], in which π mn and π mn are the known lower and upper bounds of π mn (h), respectively. It is further denoted that π mn (h) π mn + π mn (h), where π mn = (1/2)(π mn + π mn ) and | π mn (h)| ≤ λ mn with λ mn = (1/2)(π mn − π mn ). Hence, one possible TR matrix may be described by ⎡ ⎣ π 11 + π 11 (h) ? π 13 + π 13 (h) ?
?
where "?" represents the case 1 
is the index in the mth row and of sth rank for a given TR matrix. Remark 1: The above provided modeling of TRs broadened the investigation of dynamics with semi-Markov switching parameters. On the other hand, it is noticed some other interesting issues were also proposed with respect to the semi-Markov models, such as the sojourn time of each modes was set lower bounded in [12] . When the modes information cannot be obtained synchronously, a detector that provides estimated values of the system modes was provided in [40] .
By the fuzzy blending, the overall fuzzy model (1) is then inferred as follows:
where h i (x(t)) is the membership function given by
And, h i (x(t)) ≥ 0 and r i=1 h i (x(t)) = 1 for any t > 0. In the sequel, r(t) = m is provided for notation simplicity.
Remark 2: In general, for the premise variables, the system states have described a wide class of fuzzy systems. Also, in the design of state observer, the plant rules are based on the estimated premise variables, which can be seen from our practical example in the next section.
Assumption 1: The unknown continuous-time vectorvalued nonlinearity of the system (1) is bounded by
where α and β are unknown positive constants.
Remark 3: With respect to the above nonlinearity, the usual Lipschitz condition or one-sided Lipschitz condition is commonly applied for investigation. In fact, the most general form
which F 1 and F 2 are the matrices with appropriate dimensions. This description is quite general that includes the usual Lipschitz condition and norm bounded condition as special cases. However, for the purpose of adaptive control, we adopted the norm bounded condition.
Definition 1 [41] : The nominal system (1) with u(t) = 0 is said to be stochastically stable for any initial condition x 0 and r 0 , if it holds that
Definition 2 [42] : Let V(x(t), r t , t ≥ 0) be a Lyapunov functional candidate that is differentiable on x(t). Then, the infinitesimal operator LV(x(t), r t ) is defined by
(4)
Lemma 1 [43] : For any vectors x, y ∈ Rn and matrices P > 0, D, E with appropriate dimensions and F(t) satisfies F T (t)F(t) ≤ I, then for any scalar ε > 0 and matrix Q, it holds that:
III. MAIN RESULTS
A. Sliding Mode Observer Design
In this paper, it is considered that the premise variables are the components of the plant that are not accessible. Then, design the state observer as follows:
Observer Rule i:
is a compensator designed to attenuate the system nonlinearities. L i,m is the observer gain will be determined.
Further, by fuzzy "blending," the observer (5) can be inferred as
The estimated error is defined as e(t) = x(t) −x(t). Therefore, one can obtain the following error dynamics:
where
Remark 4: In the error dynamics (7), the premise variables in the main part of the fuzzy system isx(t), which is in accordance with the observer fuzzy system (6) . So, the following stability analysis will be less conservative from the theoretical point of view.
In the following, before giving the fuzzy integral switching surface function, i is noticed that in most existing literatures, the input matrices are required to be plant-rules independent or full column rank. To avoid it, evoked by [44] , the following general condition is proposed. The matricesB m are defined T . Therefore, by following the method in [30] , we have:
which leads to the fuzzy observer system (6) 
Remark 5: More generally,B m can be chosen as the convex combination of
which is the case that many other literatures have been considered.
B. Design of Sliding Surface
Based on the fuzzy observer (8), the fuzzy integral sliding surface function is designed as follows:
where G ∈ Rm ×n is selected so that GB m is nonsingular, K i,m ∈ Rm ×n is selected such that in the dynamics A i,m +B m K i,m is Hurwitz. Combining (8) with (9), it follows:
Based on the equivalent control strategy, when sliding motion happens, it holdsṡ(t) = 0, by which the following equivalent control is obtained:
Then, by substituting (11) into (8), the following sliding mode dynamics can be obtained:
Here, the purpose of this paper is to design the observerbased sliding mode controller for the system (1) such that the following two conditions are satisfied.
1) The error dynamical system (7) with w(t) = 0 and the sliding mode dynamics (12) are stochastically stable.
2) Under zero-initial condition, the following H ∞ performance measurement is satisfied:
with γ being a positive constant. Next, we have to design v s (t) in advance since the nonlinearity f (x(t), t) is not available. Therefore, we useα(t) andβ(t) to estimate the unknown parameters α and β, respectively. The corresponding estimation errors are defined asα(t) =α(t) − α andβ(t) =β(t) − α.
Thus, the compensator v s (t) with relevant parameters is designed as
, in which it is constrained that B T i,m P m = N i,m C m with P m and N i,m will be determined later. ε > 0 is a small constant. And the adaptive gains are designed aṡ
with l 1 and l 2 are positive scalars chosen by the designers. Remark 6: Here, the requirement B T i,m P m = N i,m C m is reasonable. By this constrain, it can be seen that
Thus, the compensator v s (t) can be realized in the design process based on the estimated states and output measurement variables.
Remark 7: Compared to the traditional Lesbeuge observer, the proposed sliding-mode observer (5) has kept some attractive advantages of SMC, such as robustness to disturbances and low sensitivity to the system parameter variations, which is verified in (12) . On the other hand, in addition to the asymptotic properties, finite-time convergence property is also an important feature of the sliding mode observer schemes.
C. Stochastic Stability and H ∞ Performance Analysis
In this section, sufficient conditions will be given to ensure the stochastic stability of the dynamics (7) and (12) with an H ∞ disturbance attenuation level γ .
Theorem 1: Given scalar γ > 0, the error dynamic system (7) and the sliding mode dynamics (12) are stochastically stable with an H ∞ performance level γ , if there exist matrices P m > 0 and appropriate matrices Y i,m , scalars m > 0, a m > 0 and for all m ∈ S, it holds 
By Definition 2, it leads to
in which, it has (20) and by the v s (t) in (13), it follows:
Overall, we have
where η(t) = [x T (t) e T (t)] T , and
m and using Schur complement, it is known from (16) 
Therefore, by Dynkin's formula, we get for any t > 0
Then, it is easy to obtain the sliding mode dynamics. Equation (12) is stochastically stable in the case of w(t) = 0, according to Definition 1. The same applies to the error dynamical system (7) .
Next, we consider the H ∞ performance of the overall closed 
By utilizing the Schur complement and (16), it is easily known that¯ i,m < 0 means J < 0. Thus, the sliding mode dynamics (12) with error dynamics (7) is stochastically stable with an H ∞ disturbance attenuation level γ . This completes the proof.
In the above theorem, the conditions for the stochastic stability with an H ∞ performance level γ have been given to the sliding mode dynamics and error dynamics. As mentioned before, the stability analysis with respect to the sliding mode observer and the error dynamics is in accordance with the estimatedx(t) in the membership functions, which avoids the error from plant state x(t). Therefore, the results will be less conservative.
Remark 8: For MJSs, the proof ends in Theorem 1, since the jump time of a Markov chain is, in general, exponentially distributed, and the results obtained for the MJS are intrinsically conservative due to constant TRs. However, the S-MJSs, due to their relaxed conditions on the probability distributions, have much broader applications than the conventional MJS, which also cause the LMI conditions in theorem are not solvable since they are not linear. Therefore, the following feasible conditions are provided.
Theorem 2: Given scalar γ > 0, the error dynamic system (7) and the sliding mode dynamics (12) are stochastically stable with an H ∞ performance level γ , if there exist matrices P m > 0, T mn > 0, Z mn > 0 and appropriate matrices Y i,m , scalars m > 0 and a m > 0 such that (15) holds and the conditions in the following are hold for ∀ m ∈ S. 
It is clear that 0 ≤ π mn (h)/ − λ m,k ≤ 1 (n ∈ I m,uk ),
Therefore, for 0 ≤ π mn (h) ≤ −λ m,k , the equivalent form of
(28) In (28) , it is true that n∈I m,k π mn (h)(P n − P l ) = n∈I m,k π mn (P n − P l ) + n∈I m,k π mn (h)(P n − P l ). (29) Then, according to Lemma 1, the following inequality holds for any T mn > 0:
Combining (27) 
and it satisfies that 0 ≤ π mn (h)/ − π mm (h) − λ m,k ≤ 1 (n ∈ I m,uk ) and n∈I m,uk ,n =m [(π mn (h))/(−π mm (h)−λ m,k )] = 1. For ∀l ∈ I m,uk , l = m, it holds
Since π mm (h) < 0, the following inequalities ensure (32) holds:
Also, as in (29) and (30), for any Z mn > 0, we have
Combining (31)-(34), it is known that (26a) and (26b) ensure¯ i,m < 0 with regard to m ∈ I m,uk . In summary, the dynamics achieved stochastic stability with an H ∞ performance level γ . This completes the proof.
As discussed in many other papers, if B i,m ≡ B j,m for arbitrary i, j, that is B m = 0, which also possibly exists in the model of practical systems. For such systems, we can conclude the following theorem.
Theorem 3: Given scalar γ > 0, the error dynamic system (7) and the sliding mode dynamics (12) are stochastically stable with an H ∞ performance level γ , if there exist matrices P m > 0, T mn > 0, Z mn > 0, and appropriate matrices Y i,m , scalars m > 0, and a m > 0, for all m ∈ S such that it holds.
If m ∈ I m,k , ∀l ∈ I m,uk , I m,k {k m,1 , k m,2 , . . . , k m,
If m ∈ I m,uk , ∀l ∈ I m,uk ,
, and the other notations are defined as in Theorem 2. Moreover, the state observer gain is given by L i,m = P −1 m Y i,m . Remark 9: In the above theorems, the stochastic stability with H ∞ performance analysis of corresponding dynamics with plant-rules dependent and independent input matrices are given. The results show that the analysis and synthesis of the fuzzy control scheme will be simplified with the input matrices plant-rules independent. Therefore, the result of Theorem 2 is valuable since a potential effective way to check the synthesis of T-S fuzzy systems with plant-rules dependent input matrices has been established.
D. Reachability Analysis
In this section, an observer-based sliding mode controller will be constructed to ensure the finite-time reachability property.
Theorem 4: Suppose that the switching surface function is proposed in (9) , and the above theorems are solvable. Then, the trajectories of the fuzzy observer system (5) can be forced onto the predefined sliding surface s(t) = 0 in finite time by the following synthesized SMC law:
where δ > 0 is a small scalar, and
Proof: Select the Lyapunov function
Similarly,
Combining (37) with (39)
Therefore, it can be deduced from (40) that the finite-time reachability of the sliding surface s(t) = 0 can be guaranteed. This completes the proof.
Remark 10: Noting that in the synthesis of compensator v s (t), it is required that B T i,m P m = N i,m C m . This equality cannot be solved by applying the LMI tool-box in a MATLAB environment. To deal with this computational problem, the following equivalent transformation is introduced. Since B T i,m P m = N i,m C m , it holds that
Thus, there exists a positive scalar α 1 such that
Hence, the H ∞ performance index γ can be optimized by finding a global solution of the following minimization problem: min α 1 in (41) subject to conditions in Theorem 2 or Theorem 3. In fact, the proposed observer-based adaptive SMC is universal for stabilization of the T-S fuzzy system (1) with plant-rules dependent or independent input matrices. When B m = 0, the sliding surface function will be correspondingly changed, but the sliding mode dynamics will remain the same. The overall implementation of the sliding mode observer scheme is shown in Fig. 1 .
IV. NUMERICAL EXAMPLE
In this section, consider the single-link robot arm model proposed in [46] and [47] with the dynamic equation given bÿ
where θ(t), u(t), and D(t) are the angle positions of the arm, the control input, and the coefficient of viscous friction, respectively. M, J, g, and L are the masses of the payload, the moment of inertia, the acceleration of gravity, and the length of the arm, respectively. Commonly, it is selected that g = 9.81, L = 0.5, and D(t) = D 0 = 2 are time invariant. M and J follow three switching modes with the values given in Table I . The TR matrix of different modes is presented in the following: ⎡ ⎣ −1.0 + π 11 (h) ? ? ?
Let x 1 (t) = θ(t) and x 2 (t) =θ(t). Based on the approach in [48] , the nonlinear term sin(x 1 (t)) is described by
with β = 0.01/π , where h 1 (x 1 (t)), h 2 (x 1 (t)) ∈ [0, 1], and h 1 (x 1 (t)) + h 2 (x 1 (t)) = 1. Therefore, the following solutions for h 1 (x 1 (t)) and h 2 (x 1 (t)) are obtained:
Based on the above membership functions, it is easily seen that when x 1 (t) is about 0 rad, then h 1 (x 1 (t)) = 1, h 2 (x 1 (t)) = 0, and when x 1 (t) is about π rad or −π rad, then h 1 (x 1 (t)) = 0, h 2 (x 1 (t)) = 1. Thus, taking the nonlinear perturbations into consideration, the state-space representation of the above dynamics is presented by a two-rule T-S fuzzy system as follows.
Plant Rule 1: IF x 1 (t) is "about 0 rad," THEN Choose x(0) = [0.5π − 1] T andx(0) = [0.25π − 0.5] T as the initial conditions. The adjustable parameters δ = ε = 0.01 and f (x(t)) = 0.1 sin(x 1 (t)). The adaptive laws in (13) with parameters l 1 = l 2 = 1. The chattering effect is reduced by replacing sgn(s(t)) with [s(t)/( s(t) + 0.01)]. Based on the above parameters, we have the simulation results as presented in Figs. 2-7 . The membership functions are shown in Fig. 2 . Fig. 3 gives the curves for the fuzzy observer (5) and system (1) under one possible jumping mode. Fig. 4 depicts the response of sliding surface, Fig. 5 shows the control input, Fig. 6 gives the estimated valuesα(t) andβ(t), and Fig. 7 shows the value of integral item during the whole phase, which includes the reaching phase and the sliding motion phase. What is worth pointing out is that the H ∞ performance measurement in this paper is considered for the sliding mode dynamics that attract the main attention. As we can see from these figures, by the adaptive SMC law (37), the estimated statex(t) converged to x(t) quickly and achieved stochastic stability. Thus, the proposed method in this paper is effective.
and
A 1,1 = 0 1 −gL −D 0 , B 1,1 = B 2,1 = 0 1 A 1,2 = 0 1 −0.75gL −0.5D 0 , B 1,2 = B 2,2 = 0 0.5 A 1,3 = 0 1 −0.8gL −0.4D 0 ,B
V. CONCLUSION
In this paper, an observer-based adaptive ISMC design for nonlinear T-S fuzzy systems with semi-Markov switching and immeasurable premise variables has been provided. A fuzzy integral switching surface function has been put forward based on different input matrices. Feasible LMI conditions have been developed to guarantee that the sliding mode dynamics and the error system with generally uncertain TRs will be stochastically stable with an H ∞ disturbance attenuation level γ . Furthermore, an adaptive SMC law has been synthesized such that the sliding surface could be reached in finite time. Finally, a practical example has been provided to demonstrate the validity of the obtained results numerically.
